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Abstract
We demonstrate that, in a multi-BMPV black hole spacetime, the event horizon is not smooth. We explicitly
show that for a simpler configuration comprising a line of static extremal black holes and a single BMPV black
hole, the metric at the horizon of the BMPV black hole is once, but not twice, continuously differentiable. We
argue that this result is also valid when all the black holes are rotating. The Maxwell field strength is shown
to be continuous, but not differentiable at the horizon. We also briefly demonstrate that previous work done to
show lack of smoothness of static multi-centre solutions in five dimensions is not significantly modified by the
inclusion of a higher derivative term in the action for five dimensional supergravity.
1 Introduction
Einstein-Maxwell theory admits multi-centre extremal black hole solutions, thanks to a balance of gravitational and
electrostatic forces. Such a solution in four dimensions has been known for a long time, and the event horizon has
been shown to be analytic [1]. In higher dimensions, however, such solutions do not generally have smooth event
horizons [2, 3].
In [2] this lack of smoothness was shown for a set of static black holes along a common axis by considering
the behaviour of components of the Riemann tensor in a parallely propagated orthonormal frame along axial null
geodesics. This result was extended in [3] by removing the restriction to axial geodesics and allowing an arbitrary
number of co-axial static black holes to be present. Rather than working with the Riemann tensor, the behaviour of
a geometric invariant was investigated, as such invariants will be as differentiable as the metric itself. In that work
it was shown that the event horizon is generally C2 but not C3 in five dimensions1, and C1 but not C2 in more than
five dimensions. Furthermore, in the case of more than five dimensions, it was demonstrated that there is a parallely
propagated curvature singularity at the horizon. By tuning the parameters of the solution it is possible to increase
the smoothness in five dimensions, and in fact it is possible to ensure that at least one connected component of the
horizon is analytic. This is not the case for six dimensions or more.
In five dimensions, the action for Einstein-Maxwell-Chern-Simons theory coincides with the bosonic part of
N = 2 five dimensional supergravity. All supersymmetric solutions to this theory have been classified according to
whether there exists a timelike or null Killing vector [5]. In the class of solutions corresponding to the timelike case,
there are static black holes as discussed above, stationary rotating black holes [6] (known as the BMPV solution),
and black rings [7].
As these solutions are supersymmetric (they satisfy a BPS bound), they are also extremal (the converse is not
true), and thus multi-black hole solutions may be constructed due to the balance of forces exactly as described
above. A striking example of such a solution comprising a set of concentric black rings is given in [8]. When the
rings are coplanar the solution preserves both the U(1) rotational isometries of a single supersymmetric black ring
and the horizon is analytic.
We generally expect to see a non-analytic metric at the event horizon when a rotational symmetry is broken. A
straightforward argument for this is given in [9], where a supersymmetric black ring of non-constant charge density
is shown not to admit a smooth horizon. The presence of a horizon for a rotating black hole requires a limit ℓ→∞
where ℓ is the parameter along the direction of rotation. Any non-trivial periodic function of ℓ will therefore run
through an infinite number of periods close to the horizon and so will not be continuous there. The behaviour of
the parameter ℓ is familiar from the Kerr solution, where the azimuthal angle of the Boyer-Lindquist coordinates
1Five dimensional static multi-black holes on a Gibbons-Hawking base space were discussed in [4], where the horizons were shown
to be analytic. This is because the solutions are written in terms of harmonic functions on R3, and so the dependence of the radial
coordinate on an affine parameter along a null geodesic is the same as that in four dimensions.
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diverges at the horizon. It is essentially this effect we will see in this paper: a rotating black hole metric that has
a broken symmetry in one of the directions of rotation will exhibit a lack of smoothness at the horizon.
One motivation of this work was to investigate the effects of a spin-spin interaction between two (or more)
BMPV black holes. The lack of smoothness of the multi-BMPV spacetime could conceivably have been dependent
on the relative alignments of the rotations, with parallel rotation resulting in a higher degree of differentiability
than for the non-parallel case. A special case of parallel spins is when only one black hole rotates. Thus in this
paper we consider an axial configuration of black holes, with a single, central rotating BMPV black hole, while
the other black holes are static. The single BMPV solution has two planes of equal rotation and isometry group
U(1)2 ×R. The axial configuration we are considering preserves only two of the isometries of a single BMPV black
hole: time translations and a single U(1) rotational symmetry. From the argument above we therefore expect lack
of smoothness resulting from breaking the symmetry in a direction of rotation.
As we already know from [3] that the five dimensional extremal static multi-black hole solution only admits a
C2 horizon, we might ask if our special case of a single rotating black hole amongst static black holes is at least as
smooth. Somewhat surprisingly we find that this is not the case, and we will demonstrate that our configuration
exhibits an event horizon that is C1 but not C2. Thus we can conclude that a general multi-BMPV solution must
not have a C2 horizon.
At the end of this paper we will return briefly to the purely static case, this time in the context of higher derivative
theories. Following closely the work of [10] we will show that the degree of differentiability of a multi-centre static
solution is not affected by the inclusion of a four derivative term in the supergravity action.
To begin with then, in section 2 we briefly describe some important aspects of the single BMPV black hole
solution, as well as the Gaussian null coordinates which are central to our work. In section 3 we give the metric for
the axial BMPV/static black hole spacetime we are considering. The main analysis and result is discussed in section
4. The discussion of higher derivative corrections to static multi-centre solutions is given in section 5. Finally we
conclude and summarise the results.
2 Single BMPV Solution
The BMPV black hole solution to minimal five dimensional supergravity has the following metric:
ds2 = −H−2(dt+ ω)2 +Hds2(R4). (1)
The function H and the one-form ω are defined on R4. H satisfies the four dimensional Laplace equation and is
therefore harmonic. Poles in H correspond to the location of the event horizon of a black hole. Thus for a single
black hole at the origin of a Cartesian coordinate system we have
H = 1 +
µ
|x|2 (2)
where µ is a parameter proportional to the mass. As we have four spatial dimensions there are two independent
planes of rotation. Regularity of the horizon demands that the BMPV black hole has equal rotations in both
two-planes. Thus the four dimensional rotation group SO(4) ∼= SU(2)×SU(2) is effectively restricted to one of the
SU(2) factors. The one-form ω describes the rotation of the black hole, and is given by
ω =
J
2µ
Kij∂iHdx
j =
J
2|x|4Kjix
idxj (3)
where J is a parameter proportional to the angular momentum and Kji are the components of a self-dual two-
form which describes rotation in two orthogonal two-planes of R4. An arbitrary rotation is described by a linear
combination of three such two-forms Kα (with α = 1, 2, 3) which, as matrices on R4, satisfy the commutation
relations of the su(2) algebra:
[Kα,Kβ] = 2ǫαβγK
γ . (4)
For a single black hole we may, without loss of generality, choose the planes of rotation to be in the x1, x2 and x3, x4
directions. Thus the rotation one-form may be written
ω =
J
2|x|4 (x
1dx2 − x2dx1 + x3dx4 − x4dx3). (5)
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Working in a polar coordinate system specified by
x1 = R sin θ cosφ
x2 = R sin θ sinφ
x3 = R cos θ cosψ
x4 = R cos θ sinψ
(6)
where 0 ≤ θ ≤ π and 0 ≤ φ, ψ < 2π, we can write the metric as
ds2 = −H−2(dt+ ω)2 +H(dR2 +R2(dθ2 + sin2 θdφ2 + cos2 θdψ2)) (7)
with
H = 1 +
µ
R2
, ω =
J
2R2
(sin2 θdφ + cos2 θdψ). (8)
The event horizon is located at R = 0 and we have a coordinate singularity there. We will transform to a Gaussian
null coordinate system to ensure a regular metric on the horizon. It is clear from this that the single BMPV black
hole has three isometries: time translations and two U(1) rotational symmetries parameterised by φ and ψ.
2.1 Gaussian null coordinates
To investigate the smoothness of the multi-BMPV solution we will put the metric into a Gaussian null system of
coordinates. The method of construction of such a coordinate system is discussed in [11] and in detail in [12]. Here
we present only a brief description.
Consider a connected component of the future event horizon H+ of our multi-black hole spacetime, which we
will call H+0 . Let us label the intersection of this component of the horizon with a spatial hypersurface as H0. The
surface H0 is topologically an S
3, on which we introduce the coordinates xi. In the coordinates in (7) the time
translation Killing vector is given by V = ∂/∂t. As this is null on the horizon and the generator of a symmetry,
this is tangent to the null geodesic generators of H+0 . We now define v to be the parameter-distance from H0 along
the integral curves of V . This gives us a coordinate chart {v, xi} on a neighbourhood of H0 in H+0 .
We now extend this chart off the horizon along a null geodesic. Let U be the unique (past-directed) null vector
field satisfying U · V = 1 and U · ∂/∂xi = 0 on H+0 . We take γ(v, xi) to be the null geodesic that begins at the
point with coordinates {v, xi} in H+0 and whose tangent vector there is U . The affine parameter distance from H+0
along this geodesic is given by λ. The Gaussian null coordinates on a neighbourhood of H0 are therefore {v, λ, xi},
and the metric takes the general form
ds2 = −H(λ, x)−2dv2 + 2dvdλ+ 2λhi(λ, x)dvdxi + hij(λ, x)dxidxj . (9)
To illustrate this we will now transform the metric given by (7) and (8) to Gaussian null coordinates. From
time translation symmetry, and the choice of a past-directed geodesic, we have
−H−2(t˙+ ω˙) = E, (10)
where the dot denotes differentiation with respect to the affine parameter λ, and ω˙ = ωφφ˙ + ωψψ˙. We choose the
parameterisation such that we can set the constant of the motion E = 1. The rotational symmetries parametrised
by φ and ψ give us
φ˙ =
Jφ − ωφ
HR2 sin2 θ
ψ˙ =
Jψ − ωψ
HR2 cos2 θ
(11)
where Jφ and Jψ are the angular momenta of the geodesic in the φ and ψ direction respectively. By definition of
the Gaussian null coordinate system, we require the tangent vector to the geodesic to be orthogonal to the vector
fields tangent to the S3 of H0. Therefore we set
θ˙|H+ = Jφ|H+ = Jψ|H+ = 0. (12)
Note that we choose a geodesic where θ is constant. Given this we now have
φ˙ = ψ˙ = − J
2HR4
. (13)
3
Substituting (10) and (11) into the null condition, using (12) and the expression for ω in (8), we find
R˙ =
(
H − J
2
4H2R6
)1/2
(14)
This can be expanded out for small R, integrated and the resulting series inverted to obtain
R(λ) =
(
∆
µ
)1/2
λ1/2
(
1 +
J2 + 2µ3
4µ2∆
λ+O(λ2)
)
(15)
where the term in brackets is analytic in λ and we have defined the symbol
∆ ≡ (4µ31 − J2)1/2. (16)
To ensure the absence of closed timelike curves outside the horizon, as discussed in [13], we must have ∆ > 0.
Clearly this is an outgoing null geodesic for increasing λ. Given this and (11), along with the initial conditions on
our geodesic we can find
φ = − J
2∆
lnλ+Φ+
J(10µ3 − J2)
4∆2µ2
λ+O(λ2)
ψ = − J
2∆
lnλ+Ψ+
J(10µ3 − J2)
4∆2µ2
λ+O(λ2)
(17)
with Ψ and Φ constants of integration. We use these as two of the coordinates on the S3 as they are finite and
∂/∂φ = ∂/∂Φ, ∂/∂ψ = ∂/∂Ψ. (18)
The final coordinate on the S3 is given by Θ which is the limiting value of θ along the geodesic at the horizon. In
this case we are taking θ to be constant along the geodesic, so θ = Θ. This will not be true for the multi-black
hole spacetime. As discussed earlier, the transformation to coordinates regular on the horizon requires an infinite
shift at the horizon in coordinates parameterising directions of rotation. Any dependence in the metric on these
coordinates will lead to a non-analytic horizon, as we will see later. The coordinates on the S3, previously denoted
xi, are now given by {Θ,Φ,Ψ}. It is now straightforward to determine the required transformations to put the
metric in Gaussian null coordinates. Using (15) to rewrite H as a function of λ, we can integrate (10) to get
v ≡ t+
∫
(H2 + ω˙)dλ. (19)
Thus we transform the t coordinate according to
dt = dv −
(
H(λ)2 − J
2
4H(λ)R(λ)6
)
dλ. (20)
Likewise, using (14) and (13), the transformations for the R, φ and ψ coordinates are given by
dR =
(
H(λ)− J
2
4H(λ)2R(λ)6
)1/2
dλ
dφ = dΦ− J
2H(λ)R(λ)4
dλ
dψ = dΨ− J
2H(λ)R(λ)4
dλ,
(21)
and dθ = dΘ. The metric in Gaussian null coordinates is
ds2 = −H(λ)−2dv2 + 2dvdλ− J
H(λ)2R(λ)2
dv
(
sin2 θdΦ + cos2 θdΨ
)
+H(λ)R(λ)2dΘ2
+
(
H(λ)R(λ)2 sin2Θ− J
2 sin4Θ
4H(λ)2R(λ)4
)
dΦ2 +
(
H(λ)R(λ)2 cos2Θ− J
2 cos4Θ
4H(λ)2R(λ)4
)
dΨ2
− J
2 sin2(2Θ)
8H(λ)2R(λ)4
dΦdΨ. (22)
The transformation of the multi-black hole spacetime to a Gaussian null coordinate system will proceed in the same
way.
4
3 Axial Multi-Black Hole Spacetime
We now give the metric for the configuration of black holes in which we are interested: a single BMPV black hole
in a line of extremal static black holes. As argued in the introduction, the result of the smoothness analysis for this
special case will apply to a general multi-BMPV spacetime. The metric in this case is again given by
ds2 = −H−2(dt+ ω)2 +H(dR2 +R2(dθ2 + sin2 θdφ2 + cos2 θdψ2)) (23)
but the harmonic function is now
H = 1 +
µ1
R2
+
N∑
A=2
µA
R2 + a2A − 2aAR sin θ sinφ
(24)
where µA and aA denote, respectively, the mass parameter and position of the A-th black hole. The black holes are
arrayed along the x2 axis in Cartesian coordinates. We can rewrite this as
H =
µ1
R2
+
∞∑
n=0
hnR
nYn(sin θ sinφ) (25)
where the harmonics Yn(sin θ sinφ) are given by the Gegenbauer polynomials
Yn(sin θ sinφ) = C
1
n(sin θ sinφ). (26)
The coefficients are
hn = δn,0 +
N∑
A=2
µA
a2+nA
. (27)
The rotation one-form is as before for a single BMPV black hole:
ω =
J
2R2
(sin2 θdφ+ cos2 θdψ) (28)
and we see that now we have two Killing symmetries: time translations and one of the rotational U(1) isometries,
parameterised by ψ.
4 Smoothness Analysis
The smoothness of the multi-black hole metric will be determined by examining the behaviour of a geometric
invariant of the solution along a null geodesic. The invariant we consider is the norm of the Killing vector field
K = ∂/∂ψ. As argued in [3], the Killing vector fields will have the same degree of differentiability as the full metric.
To be more precise, we will determine K2 as an expansion in the affine parameter λ close to the horizon2 at λ = 0.
We will see that this expansion contains terms that are not twice continuously differentiable at the horizon. Using
the null geodesic we will then transform the metric given by (23) and (24) into a Gaussian null coordinate system
to determine the precise degree of differentiability.
4.1 Geodesic equations
First we must solve the geodesic equations to determine a past-directed outgoing null geodesic. As before we have
t˙+ ω˙ = −H2 (29)
where ω˙ = ωφφ˙+ ωψψ˙, and again we have chosen the parametrisation such that the constant of the motion E = 1.
We integrate to get
v ≡ t+
∫
(H2 + ω˙)dλ. (30)
The remaining rotational symmetry again gives
ψ˙ =
Jψ − ωψ
HR2 cos2 θ
. (31)
2That is, the connected component of H+ corresponding to the BMPV black hole.
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The geodesic equation (after substituting for t˙) for R is
R¨ −Rθ˙2 −Rφ˙2 sin2 θ −Rψ˙2 cos2 θ +H−1R˙(φ˙∂φH + θ˙∂θH)
+H−1(ψ˙fψR + φ˙fφR)− ∂RH + 1
2
H−1R˙2∂RH
− 1
2
H−1R2∂RH(θ˙
2 + ψ˙2 cos2 θ + φ˙2 sin2 θ) = 0. (32)
The geodesic equation for θ is
θ¨ + 2R−1R˙θ˙ +
1
2
ψ˙2 sin(2θ)− 1
2
φ˙2 sin(2θ) +H−1θ˙(φ˙∂φH + R˙∂RH)
+H−1R−2(ψ˙fψθ + φ˙fφθ)−R−2∂θH + 1
2
H−1θ˙2∂θH
− 1
2
H−1∂θH(R
−2R˙2 + ψ˙2 cos2 θ + φ˙2 sin2 θ) = 0. (33)
The geodesic equation for φ is
φ¨+ 2R−1R˙φ˙+ 2 cot θθ˙φ˙−R−2 csc2 θ∂φH
+
1
2
H−1 csc2 θ∂φH
(
sin2 θφ˙2 − cos2 θψ˙2 −R−2R˙2 − θ˙
)
−R−2H−1 csc2 θ
(
R˙fφR + θ˙fφθ
)
+H−1φ˙
(
R˙∂RH + θ˙∂θH
)
= 0. (34)
The final equation we require is the null condition,
−H2 +H(R˙2 +R2θ˙2 +R2φ˙2 sin2 θ +R2ψ˙2 cos2 θ) = 0. (35)
We will solve these equations using a power series in the affine parameter λ.
4.2 Solving the geodesic equations
Before we give the expressions for the power series ansatz we will use to solve the geodesic equations, we will first
give an idea of what we expect them to look like. The geodesic equation for θ turns out to decouple from the others,
at least up to the order relevant for our current purpose. Therefore, we will calculate the first non-trivial terms in
the θ expansion directly. We are aided in this task by the fact that our solution should look like that for a single
BMPV black hole very near the horizon. Thus we can immediately write, given (17), the following form for the
angles as functions of λ:
φ = Φ + w0 lnλ+ w2λ+ δφ
ψ = Ψ+ y0 lnλ+ y2λ+ δψ
(36)
where the corrections δφ and δψ are assumed to be terms of higher order than O(λ). Similarly for R we have
R = a1λ
1/2 + a3λ
3/2 + δR (37)
with δR being a term of higher order than O(λ3/2). We merely assume, again using the behaviour found earlier
for a single BMPV black hole, that the leading order term of θ is a constant, i.e. θ = Θ+ δθ. We substitute these
expressions into (33) and only keep the terms of lowest order in λ. We expand out functions such as sin(φ) for
small λ using normal trigonometric identities and performing a Taylor expansion on coefficients that do not involve
any lnλ terms. The first non-trivial terms in the geodesic equation appear at order λ−1/2, leading to the following
second order ordinary differential equation:
θ¨ −
(
2
h1
a1
+
1
4µ1
a31h1 +
a31
µ1
h1w
2
0
)
cosΘ (cosΦ sin(w0 lnλ) + sinΦ cos(w0 lnλ)) λ
−1/2 = 0. (38)
This is solved by
θ(λ) = Θ + b2λ+
4c
(
4 sin(Φ + w0 lnλ)w
2
0 − 3 sin(Φ + w0 lnλ) + 8 cos(Φ + w0 lnλ)w0
)
λ3/2
9 + 40w20 + 16w
4
0
, (39)
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with b2 a constant and c given by
c =
(
2
h1
a1
+
a31
µ1
h1
(
1
4
+ w20
))
cosΘ. (40)
Thus we see that terms such as sin(mw0 lnλ) and cos(mw0 lnλ), with positive integer m, arise in the expansion of
θ. Likewise, such terms will arise at the same order in φ and ψ, and at order λ2 in R.
4.3 Series ansatz
Given the form found above, and using the known leading order behaviour of null geodesics for a single BMPV
black hole that we found earlier, we use the following series expansions of R, θ, φ and ψ. For R we have
R = a1λ
1/2 + a3λ
3/2 +
∞∑
n=5
an(Θ,Φ)λ
n/2 (41)
+
∞∑
k=4
λk/2
(
k−3∑
m=1
a
(m)
k (Θ,Φ) sin(mw0 lnλ) + a˜
(m)
k (Θ,Φ) cos(mw0 lnλ)
)
. (42)
(43)
After solving the geodesic equations we have found that an = 0 if n is an even integer, and a
(m)
k = a˜
(m)
k = 0 if k
and m are both even or both odd.
For the coordinates φ and ψ, the leading term in the ansatz is the logarithmic behaviour we found earlier for
the single BMPV black hole, while the leading order term in θ is a constant. Thus we have
θ = Θ+ b2λ+
∞∑
N=4
bN (Θ,Φ)λ
N/2 (44)
+
∞∑
k=3
λk/2
(
k−2∑
M=1
b
(M)
k (Θ,Φ) sin(Mw0 lnλ) + b˜
(M)
k (Θ,Φ) cos(Mw0 lnλ)
)
(45)
φ = Φ+ w0 lnλ+ w2λ+
∞∑
N=4
wN (Θ,Φ)λ
N/2 (46)
+
∞∑
k=3
λk/2
(
k−2∑
M=1
w
(M)
k (Θ,Φ) sin(Mw0 lnλ) + w˜
(M)
k (Θ,Φ) cos(Mw0 lnλ)
)
(47)
ψ = Ψ+ y0 ln λ+ y2λ+
∞∑
N=4
yN (Θ,Φ)λ
N/2 (48)
+
∞∑
k=3
λk/2
(
k−2∑
M=1
y
(M)
k (Θ,Φ) sin(Mw0 lnλ) + y˜
(M)
k (Θ,Φ) cos(Mw0 lnλ)
)
. (49)
Again, after solving the geodesic equations, we have that bN = wN = yN = 0 if N is an odd integer, and
b
(M)
k = b˜
(M)
k = w
(M)
k = w˜
(M)
k = y
(M)
k = y˜
(M)
k = 0 if M is odd and k is even or vice versa.
It turns out that we only need terms up to order λ2 in R(λ) and order λ3/2 in the angles to determine the degree
of differentiability of the metric. All these coefficients will, in general, depend on the parameters of the solution,
that is
ai = ai(µ1, J, hn,Φ,Θ) (50)
and likewise for bi, yi and wi.
4.4 Coefficients
Using computer algebra, we expand each geodesic equation as a series in λ. Then, for each order in λ, we solve for
the coefficients in the ansatz.
Therefore we find y0 in terms of a1 by solving the ψ geodesic equation at order λ
−2 (leading order). Similarly
we can find w0 by solving the φ equation at the same order to find
w0 = y0 = − J
2∆
. (51)
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as expected from the single BMPV case. The θ equation has non-zero terms at order λ−2, but the equation has
an overall factor of (w0 − y0) which vanishes as w0 = y0. The R equation at leading order (O(λ−3/2)) leads to a
quartic polynomial in a1, and so there are 4 solutions. Two are complex, and of the two real solutions we take the
positive one:
a1 =
(
∆
µ1
)1/2
(52)
which agrees with that found earlier for the single BMPV black hole, as expected. The coefficients w2, y2 and b2
are unfixed by the equations, being set by the initial conditions on the geodesic. These conditions are again given
by (12). In terms of the coefficients this means
b2 = 0
w2 = y2 =
Jh0
(
10µ31 − J2
)
4∆2µ21
.
(53)
Comparing this with (17) we see this agrees with the O(λ) terms there, upon setting h0 = 1 for a single black hole.
The next few non-vanishing coefficients in the expansion of R are
a3 =
h0
(
2µ31 + J
2
)
4µ
5/2
1
√
∆
a
(1)
4 (Θ,Φ) = −
sin(Θ)h1∆
(
2J (J cos(Φ) + 2 sin(Φ)∆)− 5 cos(Φ)µ31
)
25µ61 − 6J2µ31
a˜
(1)
4 (Θ,Φ) = −
sin(Θ)h1∆
(
2J (J sin(Φ)− 2 cos(Φ)∆)− 5 sin(Φ)µ31
)
25µ61 − 6J2µ31
.
(54)
The next non-trivial coefficients in the expansion of θ are
b
(1)
3 (Θ,Φ) = −
3 cos(Θ)h1∆
3/2
(
J (J cos(Φ) + sin(Φ)∆)− 3 cos(Φ)µ31
)
µ
5/2
1 (9µ
3
1 − 2J2)
b˜
(1)
3 (Θ,Φ) =
3 cos(Θ)h1∆
3/2
(
3 sin(Φ)µ31 + J (cos(Φ)∆− J sin(Φ))
)
µ
5/2
1 (9µ
3
1 − 2J2)
.
(55)
For the next order in the φ expansion we have
w
(1)
3 (Θ,Φ) =
[
csc(Θ)h1
(
4µ31 − J2
)
3/4
(−450 sin(Φ)µ61 + 3J (J(13 cos(2Θ) + 73) sin(Φ)
−5(3 cos(2Θ) + 7) cos(Φ)∆)µ31 + 2J3 ((7 cos(2Θ) + 11) cos(Φ)∆
−J(5 cos(2Θ) + 13) sin(Φ)))] /
[
2µ
5/2
1
(
225µ61 − 104J2µ31 + 12J4
)]
w˜
(1)
3 (Θ,Φ) =
[
csc(Θ)h1∆
3/2
(
450 cos(Φ)µ61 − 3J (J(13 cos(2Θ) + 73) cos(Φ)
+5(3 cos(2Θ) + 7) sin(Φ)∆)µ31 + 2J
3 (J(5 cos(2Θ) + 13) cos(Φ)
+(7 cos(2Θ) + 11) sin(Φ)∆))] /
[
2µ
5/2
1
(
225µ61 − 104J2µ31 + 12J4
)]
.
(56)
At this order the coefficients for ψ are
y
(1)
3 (Θ,Φ) = −
[
J sin(Θ)h1∆
3/2
(
(39J sin(Φ)− 45 cos(Φ)∆)µ31
+2J2 (7 cos(Φ)∆ − 5J sin(Φ)))] / [µ5/21 (225µ61 − 104J2µ31 + 12J4)]
y˜
(1)
3 (Θ,Φ) = −
[
J sin(Θ)h1∆
3/2
(
2J2 (5J cos(Φ) + 7 sin(Φ)∆)
−3µ31 (13J cos(Φ) + 15 sin(Φ)∆)
)]
/
[
µ
5/2
1
(
225µ61 − 104J2µ31 + 12J4
)]
.
(57)
The coefficient a5(Θ,Φ,Ψ) is not fixed by the R geodesic equation, but by the null condition. The coefficients b
(1)
3
and b˜
(1)
3 determined above are precisely those found by solving the geodesic equation for θ directly in section 4.2.
We will not list the higher order coefficients, as they are somewhat long and unenlightening.
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4.5 Lack of smoothness
It is now possible to expand K2 in λ and thus determine the smoothness of the metric. The coefficients listed above
are all that is necessary for this purpose. In fact, we only need w0, a1, b
(1)
3 and b˜
(1)
3 . The norm of K is
K2 = −H(R, θ, φ)−2ω2ψ +H(R, θ, φ)R2 cos2 θ (58)
which expands out to give
K2 = cos2Θµ1 − J
2 cos4Θ
4µ21
+
cos2Θh0(J
2 cos2Θ+ 2µ31)∆
2µ41
λ+O(F (lnλ)λ3/2). (59)
As the terms above order λ will contain factors of sin(mw0 lnλ) and cos(mw0 lnλ) (with m some positive integer)
we will use O(F (lnλ)λn/2) for a term that is morally of order λn/2 to remind ourselves of the lnλ dependence. We
understand F (lnλ) to be a periodic function of lnλ. The order F (ln λ)λ3/2 term in (59) is
J2 cos2(Θ) sin(Θ)h1∆
3/2
(
5J2 cos2(Θ)− (9 cos(2Θ) + 11)µ31
)
µ
9/2
1 (2J
2 − 9µ31)
sin
(
Φ− J lnλ
2∆
)
λ3/2
+
3J cos2(Θ) sin(Θ)h1
(
J2 cos2(Θ)− 2µ31
)
∆5/2
µ
9/2
1 (9µ
3
1 − 2J2)
cos
(
Φ− J lnλ
2∆
)
λ3/2.
(60)
Thus K2 is not twice continuously differentiable. As argued earlier, lack of smoothness in the norm of this Killing
vector field implies the metric is not smooth. In particular we now see that the metric is not C2. This is worse than
the result for an axial configuration in five dimensions where all the extremal black holes are static. In that case a
similar argument involving the Killing fields on S2’s in the geometry implies that the metric at the horizon is not
C3. We can see this immediately from the expression above simply by setting J = 0: the order λ3/2 term vanishes,
and the next order term is an integer power of λ. As there is obviously no dependence on lnλ in the static case,
the order λ2 term is twice continuously differentiable. The order λ5/2 term, however, does not vanish, and hence
the metric is not C3.
4.6 Gaussian null metric
We have seen that the metric at the horizon is not C2. We will now show that it is C1 there by transforming
the metric to Gaussian null coordinates. Thinking of the functions in section 4.3 as coordinate transformations,
it is straightforward to transform the metric from the polar coordinates {t, R, θ, φ, ψ} to the Gaussian null system
{v, λ,Θ,Φ,Ψ}. We have
dt = dv − d
(∫
(H2 + ω˙)dλ
)
(61)
from the equation for t˙. We can find H as a function of our new coordinates λ,Θ,Φ and Ψ by substituting
the expansions of the old coordinates, using the coefficients found before. Similarly we can take derivatives of
R(λ,Θ,Φ,Ψ) to find dR in terms of the new coordinates, and we can do the same for θ, φ and ψ. Thus we find a
metric in the Gaussian null coordinate system. By construction, a metric in these coordinates must have gλλ = 0,
gvλ = 1 and gλxi = 0 (for outgoing null geodesics), where the x
i are coordinates on the S3.
In practice we cannot take the expansions in section 4.3 to infinite order; we truncate the expansions at the
order required to find a C1 metric (as we now know the metric is not C2). As we are truncating our series expansion
ansatz, the metric will only take the Gaussian null form up to a certain order. We assume that inclusion of all
higher order terms in the ansatz will allow us to find a truly Gaussian null form for the metric. For this reason we
refer to the metric as being in “nearly Gaussian null” form.
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4.6.1 Metric components
We now give the form of the metric in our “nearly Gaussian null” coordinate system:
gvv = −∆
2
µ41
λ2 +O(F (ln λ)λ5/2)
gvλ = 1 +O(F (ln λ)λ7/2)
gvΘ = O(F (ln λ)λ5/2)
gvΦ =
− sin2ΘJ∆
2µ31
λ+
J sin2Θh0(14µ
3
1 − 5J2)
4µ51
λ2 +O(F (lnλ)λ5/2)
gvΨ =
− cos2ΘJ∆
2µ31
λ+
J cos2Θh0(14µ
3
1 − 5J2)
4µ51
λ2 +O(F (ln λ)λ5/2)
gλλ = O(λ3/2)
gλΘ = O(λ5/2)
gλΦ = O(λ5/2)
gλΨ = O(λ5/2)
gΘΘ = µ1 +
h0∆
µ1
λ+
2J2 sin(Θ)h1∆
3/2
µ
3/2
1 (9µ
3
1 − 2J2)
F1(Φ, ln λ)λ
3/2 +
6J sin(Θ)h1∆
5/2
µ
3/2
1 (2J
2 − 9µ31)
F2(Φ, lnλ)λ
3/2 +O(F (ln λ)λ2)
gΘΦ =
3J cos(Θ) sin2(Θ)h1
√
∆
(
12µ61 − 7J2µ31 + J4
)
µ
9/2
1 (9µ
3
1 − 2J2)
F1(Φ, lnλ)λ
3/2
+
3J2 cos(Θ) sin2(Θ)h1∆
7/2
µ
9/2
1 (9µ
3
1 − 2J2)
F2(Φ, lnλ)λ
3/2 +O(F (ln λ)λ2)
(62)
gΘΨ =
3J cos3(Θ)h1
√
∆
(
12µ61 − 7J2µ31 + J4
)
µ
9/2
1 (9µ
3
1 − 2J2)
F1(Φ, lnλ)λ
3/2
+
3J2 cos3(Θ)h1∆
7/2
µ
9/2
1 (9µ
3
1 − 2J2)
F2(Φ, lnλ)λ
3/2 +O(F (ln λ)λ2)
(63)
and
gΦΦ = sin
2(Θ)µ1 − J
2 sin4(Θ)
4µ21
+
sin2(Θ)h0
(
2µ31 + J
2 sin2(Θ)
)
∆
2µ41
λ
+
J2 sin3(Θ)h1∆
3/2
(
J2(5 cos(2Θ) + 7)− 2(9 cos(2Θ) + 13)µ31
)
2µ
9/2
1 (9µ
3
1 − 2J2)
F1(Φ, lnλ)λ
3/2
+
3J sin3(Θ)h1
(
J2(cos(2Θ) + 3)− 8µ31
)
∆5/2
2µ
9/2
1 (2J
2 − 9µ31)
F2(Φ, lnλ)λ
3/2 +O(F (ln λ)λ2)
gΦΨ = −J
2 cos2(Θ) sin2(Θ)
4µ21
+
J2 cos2(Θ) sin2(Θ)h0∆
2µ41
λ
+
J2 cos2(Θ) sin(Θ)h1∆
3/2
(
J2(5 cos(2Θ) + 1)− 6(3 cos(2Θ) + 1)µ31
)
2µ
9/2
1 (9µ
3
1 − 2J2)
F1(Φ, lnλ)λ
3/2
+
3J cos2(Θ) sin(Θ)h1
(
J2 cos2(Θ)− 3µ31
)
∆5/2
µ
9/2
1 (2J
2 − 9µ31)
F2(Φ, lnλ)λ
3/2 +O(F (ln λ)λ2)
(64)
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and finally
gΨΨ = cos
2(Θ)µ1 − J
2 cos4(Θ)
4µ21
+
cos2(Θ)h0
(
2µ31 + J
2 cos2(Θ)
)
∆
2µ41
λ
+
J2 cos2(Θ) sin(Θ)h1∆
3/2
(
5J2 cos2(Θ)− (9 cos(2Θ) + 11)µ31
)
µ
9/2
1 (2J
2 − 9µ31)
F1(Φ, lnλ)λ
3/2
+
3J cos2(Θ) sin(Θ)h1
(
J2 cos2(Θ)− 2µ31
)
∆5/2
µ
9/2
1 (9µ
3
1 − 2J2)
F2(Φ, lnλ)λ
3/2 +O(F (ln λ)λ2)
(65)
where
F1(Φ, lnλ) = sin
(
Φ− J lnλ
2∆
)
F2(Φ, lnλ) = cos
(
Φ− J lnλ
2∆
)
.
(66)
We see that terms of order F (lnλ)λ3/2 appear in all the angular components of the metric, thus the metric is C1 at
the horizon: only once differentiable. This is the main result of this paper. As stated earlier, the components gλλ,
gλΘ, gλΦ and gλΨ are vanishing in a true Gaussian null coordinate system. The presence of non-zero terms here is
purely an artefact of truncating the series ansatz.
4.7 Maxwell Field
The Maxwell field potential is given by
A =
√
3
2
H−1(dt+ ω). (67)
In the Gaussian null coordinate system, {v, λ,Θ,Φ,Ψ}, this will obviously have the form
A = Avdv +Aλdλ+AΘdΘ +AΦdΦ+AΨdΨ. (68)
Performing the coordinate transformation using the expansions we have determined for R, θ, φ and ψ, as well as
(30), we find
Av =
√
3∆
2µ21
λ+
3
√
3h0
(
J2 − 2µ31
)
4µ41
λ2 +O(F (ln λ)λ5/2)
Aλ = −
√
3µ21
2∆
λ−1 +
3
√
3h0
(
J2 − 2µ31
)
4∆2
+
4
√
3 sin(Θ)h1
(
J2 − 5µ31
)√
∆√
µ1 (25µ31 − 6J2)
F1(Φ, lnλ)λ
1/2
+
4
√
3J sin(Θ)h1∆
3/2
√
µ1 (25µ31 − 6J2)
F2(Φ, lnλ)λ
1/2 +O(F (ln λ)λ)
AΘ = O(F (ln λ)λ3/2)
AΦ = O(F (ln λ)λ3/2)
AΨ =
√
3J cos2(Θ)
4µ1
−
√
3J cos2(Θ)h0∆
4µ31
λ+O(F (ln λ)λ3/2).
(69)
The order λ−1 and λ0 terms in Aλ are pure gauge, thus the Maxwell field strength is continuous at the horizon
but not differentiable as FλΘ = O(F (ln λ)λ1/2. Typically we expect that for Einstein’s equations to make sense
they must be at least continuous. As the field strength is continuous at the horizon, the Einstein tensor must be
continuous there, and Einstein’s equations are satisfied.
4.8 Parallel propagation of the Riemann tensor
The fact that the metric is not C2 implies the existence of a curvature singularity at the horizon. We will now
show that there is a parallely propagated curvature singularity there. The leading order behaviour of a particular
component of the Riemann tensor for small λ is
RλΘλΘ = −1
2
∂2λgΘΘ + . . . (70)
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where the ellipsis denotes subleading terms. Referring back to (62) we see that this will go as O(λ−1/2 lnλ) and is
therefore divergent at the horizon. As the metric is C1, no other Riemann tensor components will be more divergent
than this.
Now we construct an orthonormal basis on the horizon, which we can parallely propagate along the null geodesic
with tangent vector U = ∂/∂λ. First, we set e0 = dλ and e1 = dv. Finally we take e2 = g
1/2
ΘΘdΘ so we have e
0 ·e1 = 1,
e0 · e2 = 0, (e0)2 = (e1)2 = 0 and (e2)2 = 1 on the horizon. This frame is extended off the horizon by demanding
that the basis one-forms are parallely propagated along the null geodesic: U · ∇e1,2 = 0, which preserves the
orthogonality relations. Note that while the basis one-forms given above are valid only on the horizon, e0 = U
everywhere.
In this basis then, we can find a particular component of the Riemann tensor
R0202 = e
λ
0 e
Θ
2 e
λ
0 e
Θ
2 RλΘλΘ + . . . (71)
which gives
R0202 = g
−1
ΘΘRλΘλΘ = −
1
2µ1
∂2λgΘΘ + . . . (72)
at leading order. This is clearly divergent as λ→ 0 and therefore there is a parallely propagated curvature singularity
at the horizon.
5 Higher Derivatives
We now return to the static case of [3] in the context of higher derivative gravity theories. For this section we will
very closely follow the work of [10], including their notation and metric signature. The details of higher derivative
corrections to five dimensional supergravity resulting from compactification of string theory on Calabi-Yau manifolds
may be found in that reference. All of the solutions we have discussed so far, including the extremal static black
holes, are solutions to two-derivative five dimensional (minimal) supergravity. In [10] the four-derivative correction
to this action is discussed, and the consequences to the known single black hole solutions of the two-derivative
theory are investigated in detail. Here we will present a simple extension of that work to consider the effects of this
correction on the smoothness of axial multi-static black hole solutions.
5.1 Very special geometry
To begin with we briefly summarise some technical results and conventions. The details of the study of Calabi-Yau
moduli spaces may be found in many references (see [10] and references therein).
Five dimensional supergravity results from a compactification of M-theory on a Calabi-Yau 3-fold CY3. First,
let JI provide a basis of closed (1, 1) forms spanning the Dolbeault cohomology group H
(1,1)(CY3) of dimension
h(1,1). The Ka¨hler form J on CY3 may then be expanded as
J =M IJI , I = 1 . . . h
(1,1). (73)
The coefficients of this expansion M I are known as Ka¨hler moduli and may be thought of as giving the volumes
of a set of two-cycles in the Calabi-Yau. These two-cycles are the homology duals of the (1, 1) forms JI . The
intersection numbers of the Calabi-Yau are given by
cIJK =
∫
CY3
JI ∧ JJ ∧ JK . (74)
This quantity may be thought of as counting the number of triple intersections of a set of four-cycles which are
dual to the two-cycles discussed previously. Further to this we can write
MI =
1
2
∫
CY3
J ∧ J ∧ JI = 1
2
cIJKM
JMK (75)
which may be thought of as a dual moduli giving the volume of the I-th four-cycle.
It turns out that after compactification we have a set of gauge fields AI with field strengths F I . One combination
of the moduli lies in a supersymmetry hypermultiplet. This combination is in fact the total volume of the Calabi-
Yau. As the hypermultiplets are decoupled from the other fields we can simply choose the value of this volume,
giving us the very special geometry constraint
N = 1
6
cIJKM
IMJMK = 1. (76)
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Including higher derivative terms in the action leads to corrections to this constraint.
5.2 Two-derivative solutions
As stated in the introduction, the supersymmetric solutions of five dimensional supergravity, coupled to an arbitrary
number of vector fields, fall into two classes, depending on whether a Killing vector constructed from the Killing
spinor is timelike or null. We are interested in the timelike case, as the black hole solutions we have been discussing
fall into this class. Following the notation of [10], the general solution for the timelike case is3
ds2 = e4U(x)(dt+ ω)2 − e−2U(x)ds2B,
F I = d[M Ie2U (dt+ ω)] +GI .
(77)
where ds2B denotes the line element on a four dimensional “base space” which must be hyperKa¨hler due to super-
symmetry. The function U , the one-form ω and the two-forms GI are all defined on this base space. If the base
space is taken to be of Gibbons-Hawking type, this allows us to write the supersymmetric solutions in terms of a
set of harmonic functions (H0, HI ;H0, HI) on R
3. The equations from supersymmetry (the BPS equations) then
give relations between these harmonic functions, U , ω and GI .
5.2.1 Static black holes
Static five dimensional black holes are given by
H0 =
1
|~x| , H
I = 0; H0 = 0, HI = H
∞
I +
qI
4|~x| (78)
and ω = GI = 0. The harmonic function H0 tells us that the base space is just R4 in this case, and the functions
HI give the locations of the charge centres carrying the charges qI , associated to the gauge fields A
I . H∞I gives the
asymptotic value of the moduli MI . The only non-trivial BPS equation in this case (with a two-derivative action)
is
MIe
−2U = HI . (79)
So, for a given compactification, we can find the moduli and the metric function U in terms of the harmonic
functions HI . We again follow the example in [10]: that of a compactification on T
2 ×K3. In this case the triple
intersection numbers are c1ij = cij with i, j = 2, . . . , 23. Inverting the relation (75) gives
M1 =
√
cijMiMj
2M1
, M i = cijMj
√
2M1
cklMkMl
. (80)
Substituting (79) into these expressions we find
M1 =
(
e2UcijHiHj
2H1
)1/2
, M i =
(
e2U cijHiHj
2H1
)−1/2
e2UcijHj . (81)
Now we consider a 3 charge black hole with q1 = q2 = q3 = q, so H1 = H2 = H3 = H , with all other asymptotic
moduli and charges vanishing, so qi = Hi = 0 for i = 4 . . . 23. Thus we have
M1 =M2 =M3 = eUH1/2. (82)
The BPS equations get us this far, but to find U we need another condition: the very special geometry constraint
(76). Substituting the moduli into this condition we get
M1M2M3 = 1 = e3UH3/2 ⇒ e−2U = H. (83)
Therefore in this example the metric is given by
ds2 = H−2dt2 −Hds2(R4), (84)
which is simply the metric for an extremal static black hole solution to Einstein-Maxwell theory in five dimensions.
Similarly we could consider the harmonic functions H1, H2 and H3 to have multiple charge centres. If each of the
i-th charge centres has all three charges located there (and they are all equal), we would find the multi-centre static
black hole solutions considered in [3] (albeit with a different metric signature).
3To follow [10] we have switched to a metric of negative signature.
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5.3 Four-derivative correction
The four-derivative term discussed in [10] has an overall factor of c2,I , the I-th component of the second Chern
class of the Calabi-Yau, in the JI basis. For a compactification on T
2 ×K3 the components are c2,i = 0, c2,1 = 24.
The higher derivative term modifies the non-trivial BPS equation (for a static solution) to
MIe
−2U − c2I
8
(∇U)2 = HI (85)
while the very special geometry constraint becomes
N − 1 + c2I
24
e2U
[
M I
(∇2U − 4(∇U)2)+∇iM I∇iU] = 0, (86)
with ∇i denoting the covariant derivative on the base space. As the base space is simply R4, we will use the polar
coordinate system where
ds2(R4) = dr2 + r2(dθ2 + sin2 θ(dφ2 + sin2 φdψ2)) (87)
so the Laplacian is
∇2U = 1
r3
∂r(r
3∂rU(r, θ)) +
1
r2 sin2 θ
∂θ(sin
2 θU(r, θ)) (88)
and
(∇U)2 = (∂rU(r, θ))2 + 1
r2
(∂θU(r, θ))
2. (89)
In anticipation of using an axially symmetric multi-centre ansatz for H , we have included a θ-dependence in the
function U .
5.3.1 Multi-centre higher derivative solution
We will take the harmonic functions H1 = H2 = H3 = H to be
H =
µ1
r2
+
∞∑
n=0
hnr
nYn(cos θ). (90)
This is simply (25) in a different polar coordinate system. As before the spherical harmonics Yn(cos θ) are given by
the Gegenbauer polynomials:
Yn(cos θ) = C
1
n(cos θ). (91)
This is precisely the multi-centre ansatz considered in [3], which preserves an SO(3) isometry group. Given this
choice for the harmonic functions we can use (80), (85) and (86) to find the function U . For the smoothness analysis,
we only require U as a series expansion for small r, thus we consider
U(r, θ) = ln(u0) + ln(r) +
∞∑
i=1
ui(θ)r
i. (92)
It turns out that we only need coefficients up to, and including, u5(θ) to determine the smoothness of the metric.
The boundary condition for the r coordinate is that the leading order behaviour of e−2U goes like r−2. We have
already taken this into account in choosing the coefficient of the ln(r) term in U to be unity. Regularity on the
S3 in the geometry gives the boundary conditions for the θ coordinate, i.e. we demand that the coefficients in the
expansion of U are regular at θ = 0, π. In this way we solve the very special geometry constraint for the coefficients
14
of U . They are found to be
u0 =
(µ1 + 3)
1/6
µ
1/3
1 (µ
2
1 + 2µ1 + 1)
1/6
u1 = 0
u2 = − (h0 + 1) (µ1 + 2)
2µ1 (µ1 + 1)
u3 = −
cos(θ)h1
(
3µ21 + 16µ1 + 24
)
3µ21 (µ1 + 4)
u4 =
3µ51 + 47µ
4
1 + 323µ
3
1 + 807µ
2
1 + 738µ1 + 162
4µ21 (µ1 + 1)
2 (3µ31 + 29µ
2
1 + 69µ1 + 27)
+
µ1 (µ1 (µ1 (µ1 (3µ1 + 47) + 323) + 807) + 738) + 162
4µ21 (µ1 + 1)
2 (µ1 + 3) (µ1 (3µ1 + 20) + 9)
h0(1 +
1
2
h0)−
csc(θ) sin(3θ)
(
3µ21 + 17µ1 + 30
)
6µ1 (µ21 + 4µ1 − 5)
h2
u5 = −2 cos(θ) cos(2θ) (µ1 (µ1 + 6) + 12)
(µ1 − 2)µ1 (µ1 + 6) h3 +
cos(θ) (h0 + 1) (µ1 (µ1 (3µ1 (µ1 + 18) + 448) + 1192) + 960)
3µ31 (µ1 + 1) (µ1 + 4) (µ1 + 8)
h1
(93)
which, given that
ds2 = e4Udt2 − e−2U (dr2 + r2(dθ2 + sin2 θdΩ22)), (94)
means we have determined the metric (for small r) for the axially symmetric multi-centre static extremal black hole
solution in the presence of a four-derivative correction to the action.
5.3.2 Smoothness of higher derivative solution
Following the same procedure as discussed in [3] we solve the geodesic equations for the coordinates r and θ as
series expansions in λ. This allows us to investigate the smoothness of the area of an invariant S2 in the geometry.
The metric on such an S2 is found by restricting the full metric to the space spanned by the SO(3) Killing fields.
As stated before, the Killing fields have the same differentiability as the full metric, so the metric on the S2’s is
as differentiable as the full metric. First we find that the coordinate expansions in terms of the affine parameter λ
along a null geodesic are
r(λ) =
√
2µ
1/6
1 (µ1 + 1)
1/6
(µ1 + 3)1/12
λ1/2 +
(h0 + 1) (µ1 + 2)
2
√
2µ1 (µ1 + 1)
1/2 (µ1 + 3)1/4
λ3/2
+
4 cos(Θ)h1 (µ1 + 1)
2/3 (
3µ21 + 16µ1 + 24
)
15µ
4/3
1 (µ1 + 3)
1/3
(µ1 + 4)
λ2 + . . .
θ(λ) = Θ− 2
√
2 sin(Θ)h1 (µ1 + 1)
1/2 (3µ21 + 16µ1 + 24)
3µ
3/2
1 (µ1 + 3)
1/4 (µ1 + 4)
λ3/2 − sin(2Θ)h2 (µ1 + 1)
2/3 (3µ21 + 17µ1 + 30)
µ
1/3
1 (µ1 + 3)
1/3 (µ21 + 4µ1 − 5)
λ2
− 8
√
2(3 cos(2Θ) + 2) sin(Θ) (µ1 + 1)
10/12 (
µ21 + 6µ1 + 12
)
5µ
1/6
1 (µ1 + 3)
5/12
(µ21 + 4µ1 − 12)
h3λ
5/2
+
sin(Θ) (h0 + 1) (µ1 + 1)
10/12 (
51µ41 + 846µ
3
1 + 5672µ
2
1 + 14000µ1 + 11136
)
15
√
2µ
13/6
1 (µ1 + 3)
5/12
(µ31 + 13µ
2
1 + 44µ1 + 32)
h1λ
5/2 + . . . .
(95)
The coefficient of the O(λ) term in θ(λ) has been chosen to vanish thus implementing the initial condition θ˙ = 0
on the geodesic at the horizon. The area of the invariant S2 in the geometry,
A2 = −e−2Ur2 sin2 θ, (96)
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expands out to give
A2 = − sin
2(Θ)µ
2/3
1 (µ1 + 1)
2/3
(µ1 + 3)
1/3
− 2 sin
2(Θ) (h0 + 1) (µ1 + 2)
(µ1 + 3)
1/2
λ
− sin
2(Θ)µ
1/3
1
(
3µ41 + 29µ
3
1 − 55µ21 − 357µ1 − 324
)
(µ1 + 1)
2/3
(µ1 + 3) 2/3 (3µ31 + 29µ
2
1 + 69µ1 + 27)
(2h0 + h
2
0 + 1)λ
2
+
4 sin4(Θ)µ
1/3
1 (µ1 + 1)
4/3 (3µ21 + 17µ1 + 30)
3 (µ1 + 3) 2/3 (µ21 + 4µ1 − 5)
h2λ
2
+
64
√
2 cos(Θ) sin4(Θ)
√
µ1 (µ1 + 1)
3/2 (
µ21 + 6µ1 + 12
)
5 (µ1 + 3) 3/4 (µ21 + 4µ1 − 12)
h3λ
5/2
+
256
√
2 cos(Θ) sin2(Θ) (h0 + 1) (µ1 + 1)
1/2 (µ31 + 27µ21 + 87µ1 + 72)
15µ
3/2
1 (µ1 + 3)
3/4 (µ1 + 4) (µ1 + 8)
h1(1 + h0)λ
5/2 + . . . (97)
which is clearly not C3. Transforming to a Gaussian null coordinate system, we would expect to find a C2 metric.
Thus the central result of [3] is unchanged in the presence of the four-derivative term. This is to be expected as
the higher derivative correction does not change the powers of r in the function U in such a way as to improve
smoothness.
6 Discussion
In this paper we have demonstrated that the supersymmetric rotating five dimensional black hole solution known
as BMPV does not exhibit a smooth event horizon in the presence of other extremal black holes. For the axial
configuration discussed here the horizon has been demonstrated to be C1 but not C2. This is worse than the case
for a set of static black holes, which has a C2 (but not C3) horizon.
Further to this we have demonstrated that the smoothness result for static black holes is not affected by the
inclusion of a higher derivative term in the action. It is expected that this will also be true for the four-derivative
correction to the BMPV solution.
The lack of smoothness present for higher dimensional black holes seems to be ubiquitous in situations where
rotational symmetries of the single black hole solution are broken. In the work of this paper we have broken one of
the U(1) rotational isometries of the BMPV black hole. Interestingly, in the concentric black ring solution of [8], a
BMPV black hole may reside at the centre of all the rings. In this case both U(1) isometries are preserved and the
horizon is analytic.
As another example of non-analyticity arising from breaking of a rotational symmetry, consider the solution
presented in [14]. In that case a supersymmetric black ring cohabits the spacetime with a BMPV black hole placed
at the centre of the ring, but vertically displaced from it with respect to the plane of the ring. Again we clearly
have a breaking of one of the U(1) isometries of the BMPV black hole because of the presence of the black ring.
Thus the metric in this case will depend on the coordinate φ which parameterises this direction. In [14] we indeed
see that the rotation one form contains terms involving, for example, cosφ. This leads us to expect that the horizon
of the BMPV black hole in this solution will be non-smooth, as we have already seen that the φ coordinate has
a leading order dependence of lnλ along an ingoing null geodesic with affine parameter λ. Thus a Gaussian null
coordinate system near the horizon of the BMPV black hole will contain cos(lnλ) terms and therefore the metric
will be non-analytic at λ = 0.
We can similarly argue that the horizon of the black ring in this solution will be non-smooth. The transformations
of the angular coordinates required for a regular metric on the horizon of a single supersymmetric black ring are of
the form
dφ = dφ′ − C0
r
dr (98)
where C0 is some constant. There is a similar transformation for the ψ coordinate. Given this we immediately
see that the φ coordinate will again depend on ln r close to the horizon of the black ring (located at r = 0 in this
coordinate system). As r will depend on some power of the affine parameter λ we have ln r ∼ lnλ and so again we
expect to see terms such as cos(ln λ) appearing for a Gaussian null metric covering the horizon of the black ring,
and thus non-smoothness at some order in λ.
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